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On t h e  Limb Darkening of  P l a n e t a r y  
Atmospheres i n  t h e  Thermal I n f r a r e d  
c 
Thermal maps of  Venus (Murray, e t  a l . ,  1963; Westphal ,  e t  al., 1965) 
and J u p i t e r  (Murray, e t  a l . ,  1964) have demonstrated t h a t  l imb da rken ing  
i n  t h e  8-14 micron wavelength i n t e r v a l  i s  pronounced f o r  t h e s e  two 
p l a n e t s .  
i s  p o s s i b l e  t h a t  bo th  a n i s o t r o p i c  m u l t i p l e  s c a t t e r i n g  (Goody, 1964) and 
a tempera ture  g r a d i e n t  ( P o l l a c k  and Sagan, 1965) are r e s p o n s i b l e .  
w i l l  be t h e  purpose o f  t h i s  n o t e  t o  demonst ra te  how e x a c t  s o l u t i o n s  t o  
t h e  s t anda rd  p rob lem- - tha t  o f  d e s c r i b i n g  t h e  a n g u l a r  d i s t r i b u t i o n  of  
ou tgo ing  r a d i a t i o n  from a s l a b  of material bounded on both  s i d e s  by a 
vacuum (Chandrasekhar ,  1950) --may be expressed  i n  terms o f  Chandrasekhar ‘s  
4 -  and (6- f u n c t i o n s  of z e r o  o r d e r  when both s c a t t e r i n g  and t empera tu re  
g r a d i e n t  e f f e c t s  are p reeen t .  
c o r r e c t  lower boundary c o n d i t i o n s  t o  account  f o r  s u r f a c e  e f f e c t s  i n  
o r d e r  to  s p e c i f y  t h e  angu la r  d i s t r i b u t i o n  of ou tgo ing  thermal  r a d i a t i o n  
( l i m b  darkening)  from t h e  atmosphere i s  q u i t e  s t r a i g h t - f o r w a r d  ( c f .  
Chsndrasekhar ,  1950, pp. 269-2741 and w i l l  no t  be p r e s e n t e d  he re .  
S ince  both  t h e s e  p l a n e t s  are  comple te ly  c loud-covered ,  i t  
I t  
The a d d i t i o n a l  problem o f  imposing t h e  
L e t  I, ( r , q )  be t h e  monochromatic s p e c i f i c  i n t e n s i t y  o f  thermal  
Consider  r a d i a t i o n  i n  a doubly i n f i n i t e  p l a n e - p a r a l l e l  a tmosphere.  
an atmosphere of f i n i t e  t h i c k n e s s  
thermal  emiss ion  p r o p e r t i e s  i d e n t i c a l  w i th  t h o s e  ti. 
a tmosphere h a s  i n  t h e  r ange  (r2 z: 7 z: T ~ ) .  
= r3 - r2 haviv: s c a t t e r i n g  and 
t h e  doubly i n f i n i t e  
L e t  I ( O , + & )  and I ( T ~  , -p)
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d e s i g n a t e  t h e  outgoing  r a d i a t i o n  f i e l d s  i n  t h e  d i r e c t i o n s  +p and -p 
(0 < L s 1) a t  t h e  l e v e l s  T = 0 and = T~ r e s p e c t i v e l y .  
By developing  an i n v a r i a n c e  p r i n c i p l e  known t o  Chandrasekhar  (19501, 
Mul l ik in  (1962)  and many o t h e r s ,  i t  i s  found t h a t  t h e  s o l u t i o n s  f o r  
' t h e  s t anda rd  problem are g i v e n  by 
where 
I(o, .-p) = I(T1,+p) P 0 (0 < p s 11, 
and where S and T are t h e  d i f f u s e  s c a t t e r i n g  and tr n 
i n  Chandrasekhar ' s  (1950) n o t a t i o n  f o r  a tmospheres  o f  
( 3 )  
miss ion  f u n c t i o n s  
normal o p t i c a l  
t h i c k n e s s  T ~ .  
mass element  a t  a level ~ ( 0  I; 
being  imbedded i n  a doubly i n f i n i t e  a tmosphere,  and be ing  imbedded i n  a 
f i n i t e  a tmosphere t h a t  i s  i r r a d i a t e d  on t h e  t o p  and bottom by t h e  r a d i a -  
t i o n  f i e l d s  I, (0, -p) and I, ( T ~  ,+p) r e s p e c t i v e l y .  
P h y s i c a l l y  (1) and ( 2 )  arise from t h e  f a c t  t h a t  any 
s T ~ )  i s unab le  t o  d i s t i n g u i s h  between 
' 1' 
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Consider the equation of transfer for a partially thermally 
emitting, partically anisotropically scattering plane-parallel atmos- 
phere : 
Let p(-~;p,p,') = p(p,p') be independent of 7 .  Further let p(p,~.~') 
be the azimuth-independent part of the expansion in spherical harmonics 
of a finite Legendre polynomial series approximation of the phase func- 
tion for single scattering, and let B(7) be approximated by a finite 
power series in 7 ;  i.e., 
and 
M 
r=o 
It can be shown (cf. Samuelson, 196J, that a particular integral 
satisfying equation ( 4 )  under conditions ( 5 )  - (6) is given by 
where the constant coefficients c are uniquely generated by the 
recursion relations 
r, s 
' i  
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where 
(0 5 r 6 M-2) 
J 
That  e q u a t i o n  (7 )  i s  a l s o  t h e  complete s o l u t i o n  f o r  a doubly 
i n f i n i t e  a tmosphere i s  rendered  p l a u s i b l e  on p h y s i c a l  g rounds  by n o t i n g  
t h a t  [cf. eq. (611 
and 
-5 -  
i . e .  
f l u x  are r e s p e c t i v e l y  equal  t o  and p r o p o r t i o n a l  t o  t h e  l i m i t i n g  v a l u e s  
of t h e  P lanck  f u n c t i o n  and i t s  d ivergence .  
t h e  l i m i t i n g  v a l u e s  of t h e  average  s p e c i f i c  i n t e n s i t y  and t h e  n e t  
Now Chandrasekhar ' s  J r -  and @ -  f u n c t i o n s  of o r d e r  z e r o  and d e g r e e  
are de f ined  by (Chandrasekhar ,  1950) 
(12) 
and 
Upon mu 
'c. 
t i p l y i n g  through both numerator and denominator  -n  a l l  t h e  
(13) 
i n t e g r a n d s  o f  e q u a t i o n s  (1) - ( 2 )  by p ' ,  i t  i s  r e a d i l y  demonst ra ted ,  
w i t h  t h e  a i d  o f  e q u a t i o n s  (7)  and (12) - (13) and t h e  r e l a t i o n  
t h a t  (1) and (2) r e s p e c t i v e l y  r educe  t o  
and 
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where a11 Jr and r$ o f  nega t ive  deg ree  a r e  d e f i n e d  t o  be bounded i n  t h e  
... i , , t e r v a I  ( c !  I i ~ .  i; 1). 
Equat ions  (15) - (16) are n o t a b l e  i n  two r e s p e c t s .  F i r s t ,  t h e  
o n l y  non-elementary f u n c t i o n s  invo lved  are t h e  f- and r$- f u n c t i o n s  of 
z e r o  o r d e r .  For  a g i v e n  and set  of 5 R 6 = O,.. ,N[cf.  a l s o  eq.  ( 9 1 1  7 
t h e s e  f u n c t i o n s  may be c a l c u l a t e d  once and f o r  a l l  w i t h  t h e  a i d  OE e x i s t i n g  
computer programs ( c f .  C h u r c h i l l ,  e t  a l . ,  1962).  And second ly ,  t h e  
complete  d e s c r i p t i o n  of  t h e  thermal  p r o p e r t i e s  o f  t h e  atmosphere are 
con ta ined  e n t i r e l y  i n  t h e  c o n s t a n t  c o e f f i c i e n t s  c 
I n  view of t h e  fo rego ing  remarks and t h e  s i m p l i c i t y  o f  r e l a t i o n s  (81, 
( r  = 0, ... M ;  s =' r ,  ... M I .  r , s  
t h e  p r a c t i c a l  problem of s o l v i n g  (15) - (16)  numer ica l ly  should n o t  be 
i n o r d i n a t e l y  d i f f i c u l t .  The a d d i t i o n a l  problem of c a l c u l a t i n g  t h e  p l a n e t a r y  
l imb da rken ing  under  r e s t r i c t i o n s  (5) - ( 6 )  i n  accordance  wi th  Chandrasekhar ' s  
d i s c u s s i o n  of t h e  " p l a n e t a r y  problem" ( loc .  c i t . )  i s  q u i t e  s t r a i g h t -  
forward.  
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